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Abstract 

Certain types of bilinearly defined sets in R" exhibit a higher degree of linearity than what is 
apparent by inspection. 



Let n, m G N such that n < to; w, a: e M"; y G M; J be an index set of size n 
j G J we have j < ri; A — (oij) an m x n matrix having rank to; G R™; 



C = {(x, w, y) I Ax = b A\fj < n {wj — xjy)}; 
Rj = {{x,w,y) \ Ax ^ b A Aw - 6t/ = A G J {w^ 



xjy)}- 



such that for all 

(1) 
(2) 



Note that since y G K, the product by is simply {biy, .... bmyY" ■ We shall show that there is at least a 
J such that C = Rj. This in effect means that m of the n bilinear terms that define the set C can be 
replaced by the linear system Aw — by — Q. Thus the set C has a higher degree of linearity than what is 
apparent by inspection of eqn. 

Theorem 

3J {C^Rj). 

Proof. If {x,w,y) G C, then by definition it satisfies Ax — b; multiplying this system by y we obtain 
yAx — by — 0, and since Wj — Xjy for all j < n we have Aw — by — 0. Hence (x, w, y) G Rj for all J. Now 
because rk(A) = m, by applying Gaussian elimination we can find a permutation tt G Sn (the symmetric 
group of order n), a vector b' G M™ and a matrix A' = {Aq\A[), where: 



A' 



^11 




*12 
^22 
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^l,m+l 
^2,m+l 



m,m+l 



-*2n 



Ag being an m x m square matrix of rank to, such that A'tt{x) — b' . Let J' = {m+1, ... ,n}, J = Tr~^{J'), 
and {x, w, y) G Rj. Since b = Ax we can substitute it into the system Aw — by = to get Aw — yAx — 0, 
i.e. A(w — xy) — 0. This is an underdetermined linear system with to equations and n variables 



\fi < m I Qij {wj 



iV) = 
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which (by Gaussian ehmination) has the same solution space as the system A't:{w — xy) — 0. Since for 
aU j ^ J we have, by definition of Rj, Wj — Xjy, this is in turn equivalent to 

A'^niw -xy) = (3) 

where tt is a restriction of tt to {1, . . . , n}\J (so that tt (j) = 7r{j) only if j ^ J). The system (^) is square 
with full rank m and thus has a unique solution tt (w — xy) = 0, i.e. 

^ J {wj = xjy). 

Hence {x,w,y) satisfies the definition of C, i.e. Rj C C. □ 



The geometrical implications of this theorem are that the intersection in R" of a set of bilinear terms 
like those described above is a hypersurface containing a degree of linearity. By exploiting this linearity 
we are able to replace some of the bilinear terms with linear terms. This fact is useful in a number of 
applications, e.g. linearly constrained bilinear programming. 



